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Abstract
A mechanics-based model of non-uniform frictional sliding is studied from the mathematical/computational
analysis point of view. This problem is of a key importance for a number of applications (particularly
geomechanical ones), where materials interfaces undergo partial frictional sliding under compression and
shear. We show that the problem is reduced to Dirichlet’s problem for monotonic loading and to Riemman’s
problem for cyclic loading. The problem may look like a traditional crack interaction problem, however, it is
confounded by the fact that locations of n sliding intervals are not known. They are to be determined from the
condition for the stress intensity factors: KII = 0 at the ends of the sliding zones. Computationally, it reduces
to solving a system of 2n coupled non-linear algebraic equations involving singular integrals with unknown
limits of integration.
c© 2003 Elsevier B.V. All rights reserved.
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1. Formulation of the problem
We consider an in<nite two-dimensional solid with a crack (−l; l) along the x-axis. The frictional
resistance is assumed to be variable along the crack:  = (x). It may be modeled by Coulomb’s
law (x) = −(x)yy + c(x), where (x) and c(x) are the coe?cients of friction and cohesion,
respectively, although such a modeling is not essential for the present analysis. Stresses at in<nity
are yy = ∞yy ¡ 0 and xy = 
∞(S)
xy , where index S denotes a step of the loading history, according
∗ Tel.: +1-505-277-4326; fax: +1-505-277-1571.
E-mail address: lgorba@me.unm.edu (L. Gorbatikh).
0377-0427/$ - see front matter c© 2003 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2003.07.003
216 L. Gorbatikh / Journal of Computational and Applied Mathematics 168 (2004) 215–224
to the rule
S =
{
0; 2; 4; : : : if d∞(S)xy ¿ 0 (loading);
1; 3; 5; : : : if d∞(S)xy ¡ 0 (unloading):
The sliding process may start at points of local minima of (x) and then propagate along the crack,
as applied loads are changed. A mechanics-based model of the process and its mathematical aspects
are studied in the present work. In two special cases, when the frictional resistance pro<le has
one local minimum, either in the form of a stepwise constant discontinuity or in the form of a
triangle, the problem was analyzed in [9,10], correspondingly. The present analysis applies to the
frictional resistance pro<le of a general shape that may have several extremums; it covers the above
mentioned situations as special cases. We also mention work [3] where the propagation of sliding
from a local minimum of frictional resistance was considered in a more general case of sliding along
the interface of two diGerent materials. Their analysis, however, was restricted to the case of only
one local minimum of the frictional resistance, with actual results given for the parabolic shape of
the minimum.
In the present work the crack may experience four diGerent regimes along its surface: inter-
vals undergoing frictional sliding L(S)1 , “locked” intervals L
(S)
2 without any previously accumulated
sliding ([ux] = 0), open (traction free) intervals L
(S)
3 and intervals L
(S)
4 with locked accumulation
of sliding. Each of the intervals may consist of several subintervals. We note that the <rst three
regimes were introduced in the earlier analysis of the “monotonic” sliding [4,5], whereas the fourth
regime, identi<ed here, is due to the loading reversal. The four regimes mentioned are de<ned
by the following boundary conditions (brackets [ ] denote discontinuities of the corresponding
quantities):
(1) Along the set L(S)1 of frictionally sliding intervals
(−1)Sxy = (x); [uy] = 0; [xy] = [yy] = 0 for x∈L(S)1 (1.1)
subject to the inequality yy ¡ 0 for x∈L(S)1 .
(2) Along the set L(S)2 of locked intervals that have not experienced any previous sliding
[ux] = [uy] = 0; [xy] = [yy] = 0 for x∈L(S)2 (1.2)
subject to the inequalities yy ¡ 0; (−1)Sxy ¡(x) for x∈L(S)2 .
(3) Along the set L3 of open (traction free) intervals
xy = yy = 0 for x∈L3: (1.3)
Open intervals model situations where a part of a material fell oG along a certain part of the crack.
We emphasize that such traction free intervals are not caused by any system of “prying loads” (as
in [1,2,6]), but are <xed.
(4) Along the set L(S)4 of intervals where a certain accumulated slip is “locked”
[ux] = (S)(x); [uy] = 0; [xy] = [yy] = 0 for x∈L(S)4 ; (1.4)
with the following inequalities to be satis<ed: yy ¡ 0, (−1)Sxy ¡(x) for x∈L(S)4
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Fig. 1. Schematic illustration of the sliding process in loading cycles.
(S)(x) is a slip distribution that has accumulated in the previous sliding along L(S)4 :
(S)(x) =
{
(S−1)(x); x∈L(S−1)4
[u(S−1)x ]; x∈L(S−1)1 :
The points that separate intervals of sliding L(S)1 from the “locked” intervals L
(S)
2 and L
(S)
4 are deter-
mined from the following condition for the stress intensity factor (SIF):
KII = 0 (1.5)
(otherwise it would have generated a singularity of shear stress xy in L
(S)
2 , thus producing sliding
there). Note that condition (1.5) is necessary, but not su?cient for the determination of the endpoints
of L(S)1 —the prescribed inequalities have to be veri<ed.
If an endpoint of L(S)1 coincides with one of the crack tips x=±l then condition (1.5) should be
replaced by KII¡KIIC where KIIC is a material constant representing the resistance to shear fracture.
Schematic illustration of the sliding process in loading cycles is given in Fig. 1.
2. General solution of the problem
We <rst consider monotonic propagation of sliding along the crack that comprises interval(s) L1
of frictional sliding, possibly alternating with “locked” intervals L2 (index S will be omitted).
Following the usual formalism of two-dimensional elasticity, the solution is sought in terms of
Kolosov–Muskhelishvili’s potentials [7,8]
2G(ux + iuy)′ = (z)− ( Nz)− (z − Nz)′(z); (2.1)
yy − ixy = (z) + ( Nz) + (z − Nz)′(z); (2.2)
where z= x+ iy is a complex variable, G is the shear modulus,  is Poisson’s ratio, =3− 4 for
plane strain and = (3− )=(1 + ) for plain stress. Functions (z); (z) as well as N(z), de<ned
by the relation N(z) ≡ ( Nz), are piecewise analytic, with L1 being the only discontinuity line.
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The problem can be shown to be equivalent to the one for a frictionless crack loaded by a certain
distribution of tractions. The analysis below covers the general case and speci<es the tractions on
the equivalent frictionless crack.
Since [yy − ixy] = 0 on the entire x-axis, +(x) − +(x) = −(x) − −(x) on L1, which, in
conjunction with piecewise analiticity of (z) − (z), implies that this function is analytic in the
entire plane. We seek functions (z); (z), such that (z) → 0 and (z) → C at z → ∞, where
C=A+iB is a complex constant related, as seen below, to conditions at in<nity. Then, according to
generalized Liouville’s theorem, (z)=(z)+C and the representations (2.1, 2.2) for displacements
and stresses take the form
2G(ux + iuy)′ = (z)− ( Nz)− (z − Nz)′(z)− C; (2.3)
yy − ixy = (z) + ( Nz) + (z − Nz)′(z) + C; (2.4)
so that
4Giu′y = [(z)− (z)]− [( Nz)− N(z)]− C + NC; (2.5)
yielding, at y = 0,
4Giu′+y(x) = [
+(x)− N−(x)]− [−(x)− N+(x)]− 2iB;
4Giu′−y (x) = [
−(x)− N+(x)]− [+(x)− N−(x)]− 2iB: (2.6)
Since [uy] = 0 at y = 0, we obtain, equating the right hand parts of (2.6)
+(x) + N+(x) = −(x) + N−(x); at y = 0 (2.7)
so that (z)+ N(z) is analytic everywhere. Since (z) (and; therefore; N(z))→ 0 at in<nity, (2.7)
implies that (z) + N(z) ≡ 0 or ( Nz) ≡ −(z). According to (2.4),
(yy − ixy)(x) = 2i Im(x) + A+ iB or
yy(x) = A; xy(x) =−2 Im(x)− B for x∈L1: (2.8)
Using (2.4) and (2.8), we now relate A; B to the conditions at in<nity
A= ∞yy; B=−∞xy :
As a result we have Dirichlet’s problem for the plane z with cuts along L1
Im±(x) = f(x); f(x) = 12[
∞
xy − (x)]; for x∈L1
and the original problem is reduced to the one for n frictionless cuts (that constitute L1) in an in<nite
plane with stresses at in<nity ∞xy ; ∞yy and the following loads on crack faces:
yy = ∞yy; xy(x) =−(x):
This problem may look like a traditional crack interaction problem; however, it is confounded by
the fact that locations of subintervals of L1 are not known (they are to be determined from condition
(1.5)).
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We now consider the case of cyclic loading and assume that the crack line comprises interval(s)
L(S)1 of frictional sliding, possibly alternating with locked interval(s) L
(S)
2 and intervals L
(S)
4 with
locked accumulation of sliding from the preceding loading stage. Using (2.1), we obtain the following
boundary condition on L(S)4 in terms of complex potential (z):
+(x)− −(x) = 2G
(S)′(x)
 + 1
; x∈L(S)4 : (2.9)
According to (2.2) xy = i(+(x) + −(x)) and the boundary condition on L
(S)
1 can be restated in
terms of (z) as follows:
+(x) + −(x) = (−1)S+1(x)i; x∈L(S)1 : (2.10)
Thus, for the cyclic loading the problem is reduced to Riemann’s problem (2.9), (2.10) for function
(z), with conditions at in<nity that were given in Section 1.
Assuming that, in the general case, the sliding zone L(S)1 comprises n sliding subintervals L
(S)(k)
1 ,
with yet unknown endpoints a(S)k ; b
(S)
k (alternating with “locked” subintervals of L
(S)
2 ), we have the
following expression for the complex potential (z) (see [6]):
(z) =
1
2!X (z)
∫
L(S)1
X (t)xy(t) dt
t − z + i
Pn(z)
X (z)
; (2.11)
where
xy = ∞xy − (x) (for monotonic loading); (2.12)
xy = ∞(S)xy − ∞(S−1)xy − (−1)S+1(x) (for cyclic loading); (2.13)
X (z) =
√
(z − a(S)1 )(z − b(S)1 ) : : : (z − a(S)n )(z − b(S)n ); (2.14)
with the branch chosen in such a way that z−nX (z) → 1 as z → ∞ (hence X+(t) = X (t) and
X−(t) =−X (t) on L(S)2 , where t is the coordinate along x-axis), and where Pn(z) is a polynomial
of degree 6 n: Pn(z)=C0zn+C1zn−1 + · · ·+Cn with real coe?cients to be found from n conditions
of uniqueness of displacements at points a(S)k and b
(S)
k :∮
%(S)(k)1
(z) dz = 0 (k = 1; : : : ; n); (2.15)
where %(S)(k)1 are closed contours encircling L
(S)(k)
1 . By contracting the contour %
(k)
1 into the segment
L(k)1 the condition is reduced to the following system of n linear equations for the unknown constants
C1; : : : ; Cn:
n∑
1
CiAi = Bk; k = 1; : : : ; n; (2.16)
where
Ai =
∫
L(k)1
tn−i dt
X (t)
; Bk =
1
2!i
∫
L(k)1
1
X (t)
∫
L1
X (')[∞xy − (')] d'
'− t dt = 0: (2.17)
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Procedure of solution
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Fig. 2. Iterative procedure of <nding endpoints of the sliding zone(s).
Double integral in Bk has a non-integrable singularity along L
(k)
1 when L1 = L
(k)
1 and has to be
understood in the principal value sense.
If open intervals are present along the crack line, the original problem with the monotonic loading
is reduced to two subproblems. Subproblem (A) involves mode I loading only, and traction A along
interval L1 is given by the solution of the problem of an “open” interval under remote compres-
sion ∞yy. Subproblem (B) involves mode II only. These two subproblems represent two Dirichlet’s
problems, on L3 and on L1 ∪ L2 and are formulated as follows:
(A) ±yy(x) = 0; 
±
xy(x) = 0 for x∈L3
yy → ∞yy; xx; xy → 0 at z →∞; (2.18)
(B) ±xy(x) = 0; 
±
yy(x) = 0 for x∈L3
±xy(x) =−(x)Ayy(x) + c(x) ±yy(x) = 0 for x∈L1
xy → ∞xy ; xx; yy → 0 at z →∞: (2.19)
3. Procedure of analysis of the sliding process
We now outline the procedure of analysis of the sliding process (Fig. 2). Sliding starts at points
of local minima of frictional resistance when the applied shear load reaches the level of frictional
resistance, namely when
∞xy − (x) = 0: (3.1)
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As the applied shear load ∞xy is increased, sliding zone(s) propagate. The criterion for locating the
endpoints of the sliding zones is that the stress intensity factors at the endpoints have to be equal to
zero, KII = 0. The knowledge of (z) is su?cient to determine KII, which has the following general
form:
K(zk) = KI(zk) + iKII(zk) = lim
z→zk
√
z − zk(z): (3.2)
De<ning z−zk=rei) it is to be noted that expression (3.2) gives symmetric KI(zk) and antisymmetric
KII(zk) components of the stress intensity factor if zk is located such that the cut is along ) = !.
In the case if the cut is along ) = 0, then KI(zk) and KII(zk) should be calculated from K(zk) =
(KI(zk) + iKII(zk))i. Substituting the expression for (z), given by (2.11), we obtain
KII(zk) = lim
z→zk
√
z − zk
X (z)
(
1
2!i
∫
L1
X (')xy(') d'
'− z + Pn(z)
)
(3.3)
or, after some algebra,
KII(zk) =
F(zk) + Pn(zk)√
(bk − ak)
∏
i =k
(zk − ai)(zk − bi)
: (3.4)
In the expression above F(zk) = limz→zk F(z), where F(z) is a Cauchy integral
F(z) =
1
2!i
∫
L1
X (')xy(') d'
'− z : (3.5)
The boundary values of the Cauchy integral are given by the Plemelj formulae
F(zk) = F+(zk) = F−(zk) =
1
2!i
∫
L1
X (')xy(') d'
'− zk =
1
2!
∫
L1
X ∗(')xy(') d'
'− zk ; (3.6)
where X ∗(') = iX (') is a real function (has a real variable and real values) and zk is a point on
x-axis. Integral (3.5) can be calculated numerically as its singularity at zk is integrable.
In the case of only one sliding zone, condition (1.5) yields two nonlinear algebraic equations for
the endpoints a and b∫ b
a
xy(x)
√
b− x
x − a = 0 and
∫ b
a
xy(x)
√
x − a
b− x = 0; (3.7)
where xy is a driving force given by (2.12), (2.13).
In the case of n sliding zones, we obtain a system of 2n coupled nonlinear algebraic equations
with unknowns a1; : : : ; an and b1; : : : ; bn
1
2!
(∫ b1
a1
X ∗(')xy(') d'
'− ak + · · ·+
∫ bn
an
X ∗(')xy(') d'
'− ak
)
+ C0ank + C1a
n−1
k + · · ·+ Cn = 0;
1
2!
(∫ b1
a1
X ∗(')xy(') d'
'− bk + · · ·+
∫ bn
an
X ∗(')xy(') d'
'− bk
)
+ C0bnk + C1b
n−1
k + · · ·+ Cn = 0;
(3.8)
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Fig. 3. Monotonic behavior of SIFs at the endpoints of the sliding zone.
+ 
- -
( )xxy τσ −∞
( ) 0=kII bK( ) 0=kII aK
0 
sliding zone 
Fig. 4. Typical diagram of the driving force along the sliding zone.
where k = 1; : : : ; n and coe?cients C1; : : : ; Cn are determined from system (2.16). Note, that this
system contains integrals with unknown limits of integration. It is solved by iterations, with an
solution for non-interacting zones being the <rst approximation. As the tips of the sliding zone are
moved, the SIFs change monotonically (Fig. 3). This allows one to implement the iteration process
in a straightforward way.
Note that the driving force xy ¡ 0 in the parts of the sliding zone that are adjacent to the
endpoints of L1 and, generally, xy ¿ 0 in its central part (unless the sliding zone has developed as
a result of coalescence of two sliding zones, in which case xy may be negative along the former
ligament). Along the “locked” intervals L2 the driving force is negative, otherwise, sliding would
have occurred there (Fig. 4).
As far as the basic solution for one sliding zone is concerned, in the case of a piecewise constant
minimum it can be constructed exactly; for more complex pro<les of the frictional resistance, the
solution of Section 4 for the asymmetric minimum provides a good approximation.
4. Piecewise linear prole of (x) with a local minimum
We now consider the following pro<le of frictional resistance (x):
(x) =


1 a¡x¡b
p2 + q2x b¡x¡‘
p3 + q3x −‘¡x¡a
(4.1)
This case is of importance, since it may be used, as an approximation, for many other pro<les of
frictional resistance containing a local minimum.
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The entire crack is locked until the applied load reaches a critical level: ∞xy = 1. At this point,
sliding starts in the interval a¡x¡b and, as ∞xy is increased, sliding spreads into the adjacent
intervals (b; .2); (.3; a). New endpoints of the sliding zone (.3; .2) can be found from the condition
KII
{
.2
.3
}
=0. Adding and subtracting KII(.2) and KII(.3) the condition translates into two non-linear
algebraic equations for .2 and .3
q3
(
!
2
− arcsin −2a+ .3 + .2
.2 − .3
)
+ q2
(
!
2
+ arcsin
−2b+ .3 + .2
.2 − .3
)
= 0 (4.2)
F(a; p3; q3; 0)− F(b; p2; q2; 1) = 0;
where
F('; p; q; k) =
√
.2 − '
√
'− .3
(
∞xy − p− q'+ q
2'− .3 − .2
4
)
+
(
− .3 − .2
2
(∞xy − p)− q
(.3 − .2)2
8
− q .
2
3 − .22
4
)
×
(
− arcsin −2'+ .3 + .2
.3 − .2 + (−1)
k !
2
)
−(∞xy − 1)
(√
.3 − '
√
'− .2 − .3 − .22 arcsin
−2'+ .3 + .2
.3 − .2
)
+q
(.3 − .2)2
4
√
1−
(−2'+ .3 + .2
.3 − .2
)2
: (4.3)
These two equations can be solved, for example, by iterations.
As it was mentioned in the beginning of the section, this pro<le of frictional resistance may
be used, as an approximation, for many other more complex pro<les containing a local minimum.
Indeed, as it was shown in [4], after a certain vicinity of the local minimum has slid, eGect on the
subsequent sliding may be modeled, with good accuracy, by replacing it by an interval of piecewise
constant, “Qat” minimum, of the magnitude that preserves the average of the drop over this vicinity
(Fig. 5).
actual
approximate
Fig. 5. Replacement of the complex pro<le of the frictional resistance by the piecewise linear one.
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The piecewise linear pro<le considered here may also be used as the basic building block for an
iteration process in the case of several interacting sliding.
5. Concluding remarks
The problem of frictional sliding on one or several collinear cracks, with nonuniform frictional
resistance (x) along the crack faces is studied from the point of view of mathematical/computational
analysis. Four diGerent regimes may take place along the crack: frictional sliding, “locked” state with
or without accumulated slip and “open” traction free intervals that may model the situations when
a part of the material “fell oG” from the crack zone. Siding starts at the point(s) of the lowest
frictional resistance and then propagates as the applied load is changed.
We show that the problem is reduced to the Dirichlet’s problem for monotonic loading and to the
Riemman’s problem for cyclic loading. The problem may look like a traditional crack interaction
problem, however it is confounded by the fact that locations of n sliding intervals are not known.
They are to be determined from the condition for the stress intensity factors: KII = 0 at the ends of
the sliding zones. Computationally, it reduces to solving a system of 2n coupled nonlinear algebraic
equations involving singular integrals with unknown limits of integration.
We note, in conclusion, that this work belongs to the area of basic applied mechanics. As such,
it may have applications to various problems, beyond the geophysical ones, that may not be fully
foreseen at this point. We mention two such potential applications as modeling of bone/implant
interfaces in biomechanics and frictional contacts in rotating machinery.
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